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The thermoelectric properties of a three-terminal quantum Hall conductor are investigated. We
identify a contribution to the thermoelectric response that relies on the chirality of the carrier
motion rather than on spatial asymmetries. The Onsager matrix becomes maximally asymmetric
with configurations where either the Seebeck or the Peltier coefficients are zero while the other
one remains finite. Reversing the magnetic field direction exchanges these effects, which originate
from the chiral nature of the quantum Hall edge states. The possibility to generate spin-polarized
currents in quantum spin Hall samples is discussed.
PACS numbers: 73.23.-b, 85.80.Fi, 05.60.Gg
The integer quantum Hall effect occurs in two-
dimensional conductors subject to a strong perpendicular
magnetic field. It manifests itself as quantized plateaus
of the Hall conductance [1]. Theoretically, this can be un-
derstood in terms of dissipationless transport along chiral
edge states within Landauer-Bu¨ttiker theory [2, 3]. Ther-
mal transport along these edge channels was recently in-
vestigated to trace the path of energy relaxation along
the edge [4, 5] or probe the presence of neutral modes [6],
carrying energy but not charge, which are not accessible
in electrical current measurements. However, until now
there is surprisingly little known about thermoelectric
properties in the integer quantum Hall regime.
Thermoelectric properties of multiterminal conductors
have recently received a lot of attention [7] with a partic-
ular emphasis on nonlinear effects [8–10]. In these sys-
tems, a hot terminal injects heat but no charge into the
conductor, driving a directed charge current between two
other cold terminals. Charge and heat flows are thus sep-
arated, allowing the electrical circuit driving a load to
be at a single temperature. The heat source can be of
fermionic [11, 12] or bosonic nature [13–15]. A crossed
thermopower appears by heat rectification which, in the
absence of a magnetic field, depends on the breaking of
both left-right and particle-hole symmetries.
In the presence of a magnetic field, the off-diagonal ele-
ments of the thermoelectric linear-response Onsager ma-
trix are unrelated to each other due to the broken time-
reversal symmetry [16–18]. This property relaxes the
(broken) symmetry requirements discussed above. The
absence of backscattering along edge channels, a prop-
erty of the quantum Hall effect [3], maximizes this bro-
ken reciprocity, as we discuss here. In particular, we
show that chiral propagation introduces a unique trans-
port feature such that while the Seebeck coefficient is
finite, the Peltier one can be zero, or vice versa. This ef-
fect is a consequence of the edge states, and can be used
to generate spin-polarized currents in topological insula-
tors [19–21].
The ramifications of the asymmetry in the Onsager
matrix on the thermoelectric performance of mesoscopic
heat engines is an active research topic [22–28]. It has
been shown that broken time-reversal symmetry in prin-
ciple allows for Carnot efficiency ηC at maximal output
power [22, 24]. However, additional constraints from cur-
rent conservation in a multiterminal setup restrict the
efficiency at maximum power to values smaller than ηC
where the precise bound depends on the number of ter-
minals [25, 26]. As first examples, classical and quan-
tum Nernst engines have been shown to saturate the
efficiency bounds under their particular boundary con-
ditions [27, 28]. Here, we also demonstrate that more
flexible and experimentally feasible boundary conditions
can actually increase these limits even further.
We focus on the simplest configuration with chiral
thermoelectric properties consisting of a three-terminalPSfrag replacements
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FIG. 1: Three-terminal quantum Hall bar. A finite current
is generated along the edge state between cold terminals 1
and 2 by conversion of heat injected from the hot probe ter-
minal 3, originating from a temperature bias ∆T3. Details of
the energy-dependent scattering at the constrictions influence
the thermoelectric response dramatically, revealing the chiral
nature of electronic propagation in the sample.
2Hall bar at filling factor ν = 1, as depicted in Fig. 1.
Two terminals are at the same (cold) temperature T1 =
T2 = T and support a charge current, I
e. The third ter-
minal is hot, having a temperature bias ∆T3 = T3 − T ,
and is considered to be a voltage probe [29, 30] such
that it injects no net charge current into the conductor.
Constrictions in each arm give rise to energy-dependent
scattering of edge channels —a prerequisite for thermo-
electric response. The transmission coefficients at each
constriction (e.g. a resonance or a saddle point) deter-
mine the details of the thermoelectric performance.
Transport through the system is described within the
Landauer-Bu¨ttiker formalism [3]. Charge and heat cur-
rents Ii = (I
e
i , I
h
i ) are given by the transmission prob-
abilities Ti←j(E) for electrons injected in terminal j to
be absorbed by terminal i. Generally, the currents are
written in linear response as
Ii =
1
h
∑
j
∫
dE[δij − Ti←j(E)]ξ(E)
(
e eE
E E2
)
Fj , (1)
in terms of the electric and thermal affinities Fj =
(FVj , F
T
j ), with F
V
i = eVi/(kBT ) and F
T
i =
kB∆Ti/(kBT )
2, where Vi is the voltage applied to ter-
minal i. We have defined ξ(E) = −(kBT/2)df(E)/dE,
with the Fermi function f(E). We choose the equilib-
rium Fermi energy as the zero of energy.
Assuming the boundary conditions FT1 = F
T
2 = 0, we
solve Eqs. (1) to get the voltage developed at the probe
satisfying Ie3 = 0. From charge conservation we thus have
Ie = Ie1 = −I
e
2 . We can then write the relevant Onsager
coefficients L for the generated charge current and the
absorbed heat,
(
Ie
Ih3
)
=
(
LeV LeT
LhV LhT
)(
FV1 −F
V
2
FT3
)
. (2)
The diagonal terms of the Onsager matrix correspond to
the charge and heat conductances, while the off-diagonal
ones are related to the crossed Seebeck (LeT ) and Peltier
(LhV ) coefficients. Their ratio x = LeT /(eLhV ) can de-
viate from one in the presence of a magnetic field.
Let us consider the configuration sketched in Fig. 1,
where the cold terminals 1 and 2 are constricted
(T1(E), T2(E) ≤ 1), but the hot terminal 3 is open
(T3(E) = 1). Hence, electrons injected from the hot
terminal at energy E are reabsorbed only after being
reflected at the two junctions with probability T3←3 =
(1 − T1(E))(1 − T2(E)). We obtain for the crossed ther-
moelectric coefficients
LeT = kBT
2G(S2 − S1) + eX1, (3)
LhV = e
−1LeT −X1 −X2, (4)
where the conductance G = Λ−1/(G−11 +G
−1
2 ) is mod-
ified from that of a sequencial transmission of two
barriers [29] —each with an individual conductance
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FIG. 2: Different configurations for which chirality manifests
as a generated current being finite (b,c) or zero (a,d) depend-
ing on the position of the junction and the sign of the magnetic
field.
Gl = e
2(kBTh)
−1
∫
dETl(E)ξ(E)— by the factor Λ =
1 − J1/(G1+G2). We define the integrals Jn =
e2(hkBT )
−1
∫
dEEn−1T1(E)T2(E)ξ(E) which are due to
the coherent propagation between the two junctions.
The first term in Eq. (3), depending on the differ-
ence of the two terminal thermopower of each junc-
tion, Sl = e/(hkBT
2Gl)
∫
dEETl(E)ξ(E), is expected for
three-terminal heat rectifiers [7, 31]. Remarkably, the ad-
ditional term,
Xl =
kBT
e2
GGl
G1G2
(eTSlJ1 − J2), (5)
introduces a dependence on the direction of propagation,
which is determined by the sign of the magnetic field: the
index l denotes the junction that is hit by the electrons
injected from the hot terminal. This term relies on the
coherent propagation between the two junctions, as im-
plicitly included in the dependence on Jn. Note further-
more that LeT (B)−LeT (−B) = e(X1+X2). Eqns. (3,4,5)
are our main results, which we will now expound.
We emphasize the effect of chirality in the thermoelec-
tric response (entering through Xl) by considering the
configurations with one of the junctions totally trans-
mitting. (i) If T1(E) = 1, cf. Fig. 2(a), we have S1 = 0.
Then on one hand, the chiral term X1 = −e
−1kBT
2GS2
cancels the first term in Eq. (3), resulting in LeT = 0.
On the other hand, LhV = e
−1kBT
2G2S2: with no tem-
perature bias we recover the Peltier response of a two-
terminal configuration. (ii) However, in the opposite
case, T2(E) = 1, cf. Fig. 2(b), we have X1 = 0 and
the response is proportional to the thermopower of the
other barrier LeT = −kBT
2G1S1, with LhV = 0. The
different Seebeck matrix elements can be understood as
follows. In case (i), the hot terminal creates electron-
hole excitations in the stream of particles emitted from
terminal 2. As these excitations are neutral, there is no
net charge current in the system. However, in case (ii),
the particle-hole excitations created by the hot terminal
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FIG. 3: Representation of the Onsager matrix L for a system
consisting of two QPCs with threshold energies E1 and E2
and ~ω0 = kBT/10 in front of the conducting terminals.
get partitioned before entering terminal 1, thus giving
rise to a net charge current. Remarkably in both cases,
while either the Seebeck or the Peltier coefficient is sim-
ilar to that of a two-terminal system, the other one is
exactly zero. The two configurations are interchanged
when reversing the magnetic field —Figs. 2(c) and (d)—,
as follows from Onsager reciprocity relations. This effect
of having either the presence or absence of a Seebeck (or
Peltier) effect depending on the sign of the magnetic field
is a consequence of systems with chiral propagation along
edge states. It can therefore be used to probe their prop-
erties in a sample by tuning the sign of the magnetic field
and the gate voltages that open/close the two junctions.
This result also applies to quantum spin Hall topo-
logical insulators where a strong spin-orbit interaction
plays the role of the magnetic field. In that case, heli-
cal edge states carry electrons with opposite spin along
opposite directions [19–21]. Thus, the discussion in the
previous paragraph will apply in each case (with either
of the junctions open) to a different spin component. In
this case, the charge current is in general finite even if one
of the junctions is open: If say spin up electrons move
clockwise and spin down, counter-clockwise and junction
1 is open, only spin up electrons will contribute to the
current. Thus, our system can be operated as a spin
polarizer [32, 33], with the polarization of the generated
current determined by which of the two junctions is open.
We illustrate the dependence on the scattering details
in Fig. 3 for the case where the two junctions are quan-
tum point contacts (QPCs). They are described by a
saddle-point potential with transmission probability [34]
TQPC(E) = [1 + e
−2pi(E−El)/~ω0,l ]−1. Here, El and ω0,l
are the position and width of the step of junction l, re-
spectively. Junctions with −El ≫ ~ω0,l are open. Thus,
the conductance LeV vanishes when at least one of the
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FIG. 4: Thermoelectric response, LeT , for the same config-
uration of Fig. 3. If the right QPC is open, E2 = −10kBT ,
we have X1 = 0. Then, increasing the width ω0 smears the
energy dependence of the left junction and the maximum of
the current is monotonically decreased. A different behavior
shows up for a symmetric configuration with E1 = E2 where
only the term eX1 contributes: LeT → 0 for ω0 → 0, with a
maximum at ~ω0 ≈ 6.6kBT .
junctions is closed, with the injected thermal conduc-
tance LhV requiring at least one of the junctions to be
open in order to be finite. The Seebeck matrix element
LeT shows a dip when QPC 1 is tuned to threshold as ex-
pected [35]. In agreement with the discussion above, it is
finite only when terminal 1 is partially open (noisy) and
terminal 2 is not closed. For typical experimental tem-
peratures around 100 mK the Seebeck effect will generate
a measurable current of around 2 nA for a gradient of 10
mK, which is readily detectably with current technology.
Similarly, the Peltier matrix element LhV exhibits a peak
when QPC 2 is at threshold. Thus, chiral edge states al-
low the asymmetry of the Onsager matrix, x, to be tuned
through the whole range from plus to minus infinity by
simply changing the gate voltages and the magnetic field.
Another important consequence of Eq. (3) is that it re-
laxes the symmetry-breaking conditions to have a finite
thermoelectric response. In the absence of a magnetic
field, a Peltier or Seebeck effect requires both broken
left-right and particle-hole symmetries. As we discussed
above, the condition on broken electron-hole symmetry
(energy dependent transmission) is put on only one of
the junctions. The other one can be totally open. Addi-
tionally, even in the case of having a left-right symmetric
system, we can obtain a finite thermopower. In this case,
with T1(E) = T2(E), we have LeT = eX1, i.e. it is finite
only due to the contribution of the magnetic field. Re-
markably at this symmetric configuration, the Onsager
reciprocity LeT = eLhV is satisfied without needing to
reverse the magnetic field. This must be the case because
a reversal of the magnetic field is physically equivalent to
reflecting the physical system about its symmetry axis.
The chiral term X1 introduces a non-trivial dependence
of the Seebeck matrix element on the sharpness of the
transmission step, as shown in Fig. 4. If the right junction
is open, i.e. X1 = 0, the response decreases with the
4smearing of the energy dependence of the T1(E) with ω0.
On the other hand, for a symmetric configuration with
E1 = E2, such that only X1 contributes, the behavior
is different: for ω0 → 0, the transmission is given by a
Heaviside step function and LeT → 0. A maximal value
is found for widths not much larger than the thermal
smearing kBT .
We gain further insight by considering weakly energy-
dependent junctions. In that regime, the two-terminal
thermopower is given by a Cutler-Mott like formula as a
logarithmic derivative of the conductance [36, 37]. In our
case, the crossed thermopower SX = LeT /(kBTG) leads
in a Sommerfeld expansion to
SX =
qHh
e
[−∂E ln T1 + (1− T1)∂E ln T2]E=EF , (6)
where we have introduced the quantum of heat conduc-
tance [38] qH = pi
2k2BT/(3h). This formula separates
the contribution of the scattering of electrons injected
from the hot terminal at the two junctions. The differ-
ent role of the two junctions is a consequence of the chiral
propagation. The first term is the Cutler-Mott like (two-
terminal) thermopower of the left junction. Remarkably,
the contribution of the second junction is weighted by
the reflection probability at the first one. This is intu-
itive because only those hot electrons that are reflected
at the left junction are scattered by the second one. The
left junction modifies the population of the edge channel
incident to the right one. The relative sign is due to the
central position of the heat source, so the two junctions
have opposite contributions to the crossed thermopower.
If the magnetic field is reversed, the roles of terminal 1
and 2 exchange.
We finally turn to a discussion of the thermoelec-
tric performance of our quantum Hall heat engine.
Two important characterizations are the output power
P = Ie(V2 − V1) maximized with respect to the ap-
plied bias voltage for a given temperature bias, Pmax =
kBTL
2
eT (F
T
3 )
2/(4eLeV ), and the efficiency at maximum
power, ηmaxP = ηCxy/(4+2y), with y = LeTLhV / detL.
In Figs. 5(a) and (b) we show the maximum power and
ηmaxP for such a configuration with two QPCs as the
centers of the energy steps are varied around the Fermi
energy. The maximal ηmaxP is found in the region where
the two QPCs are above the Fermi level, with E1−E2 ≈
2kBT . There only the very few hottest electrons from
terminal 3 contribute to transport. All the rest are re-
flected by both junctions. Thus the power extraction is
negligible. A good compromise for a high power and effi-
ciency is found in the region where E1 and −E2 are of the
order of kBT , where we find Pmax ≈ 0.3(kB∆T )
2/h and
ηmaxP ≈ 0.1ηC comparable to resonant tunneling heat
engines [12, 39].
An even larger output power can be found when reso-
nant tunneling occurs in one of the junctions, e.g., in the
presence of an antidot [40]. In that case, the transmis-
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FIG. 5: Maximum power and efficiency at maximum power,
for the two different configurations with (a),(b) a QPC in
junctions 1 and 2 and (c),(d) a QPC in junction 1 and a
resonance in junction 2. The QPCs have sharp transmission
steps with width ~ω0 = 0.1kBT and threshold energy El. The
resonance width Γ = 2.1kBT in (c),(d) is optimized to give
the maximal Pmax.
sion is described by [29] Tres(E) = Γ
2
l [4(E−El)
2+Γ2l ]
−1.
In Figs. 5(c) and (d) we show the thermoelectric per-
formance at a resonance width Γ ≈ 2.1kBT optimized
for maximal Pmax. Remarkably, the maxima of Pmax ≈
0.4(kB∆T )
2/h and ηmaxP ≈ 0.3ηC coincide for E1 and
E2 close to the Fermi level. Importantly, we can search
for parameters that optimize the efficiency at maximum
power. For Γ → 0, an upper limit ηmaxP = ηC/2 is
reached. Thus, a three-terminal quantum Hall engine
can outperform a quantum Nernst engine [28] by a fac-
tor of two in terms of efficiency at maximum power.
In conclusion, we have demonstrated that three-
terminal thermoelectrics is sensitive to the chiral proper-
ties of electronic propagation in quantum Hall systems.
An additional term that accounts for the direction of the
electron motion rather than geometric symmetries ap-
pears in the usual Seebeck coefficient. In particular, this
term is responsible for the possibility to switch off either
the Seebeck or the Peltier response by tuning the scatter-
ing details. The mechanism can be also used to generate
spin polarized currents in topological insulators. Further-
more, the system also works as a powerful and efficient
energy harvester.
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